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Abstract

A basc modd of gdlar dructure is presented here.  The sun is initidly
modded usng four fundamenta equations of selar structure.  Since these
equations are not andyticdly solvable, they were solved numericdly
usng the Runge-Kutta fourth order approximation. Despite severd fird-
order gpproximations that were made, resulting vaues for dendgty, mass,
luminosity, and temperature were correct to relative error on the order of
10"-7.  The incluson of variable chemicd compodtion increased the
accurecy of the modd further ill.  The internd error of the numerica
andyss was dso on the order of 10"-7, which showed the dependability
of our rudimentary models. Throughout, the mechanisms of opacity and
energy generation in the stellar model are addressed.

I ntroduction

The equations of stellar structure from Carroll's Modern Astrophysics are used here in conjunction
with numerical analysis tools to describe a quantitative stellar model. The goal, by the end of the first round
of calculations, was to have a basic but elucidating model of the Sun. The assumptions made in this stage
were made in an dfort to retain ease in analysis. The Sun was assumed to be spherical with equal
compositions and dynamics radiating out from the center. Also, complete ionization of a constant
composition atmosphere was assumed. Finally, solar convection was calculated to have negligent effects
so it was neglected in favor of simplicity and ease of calculation. We then set out to construct a giant or
super-giant star of spectral type O or B. In that type of hot, high mass star, we expected to see a good deal
of convection, so the value of programming in convection could be readily analyzed.

In both models, non-linear differential equations were needed to approximate the radius-dependent
density, mass, luminosity, and temperature. The four coupled equations are shown below, and the Runge-
Kutta fourth order numerical approximation was used to solve for each aspect of the model star. In the
worksheet incorporating convection, the representation of the temperature gradient was altered to reflect
the changing nature of energy transport. The general equations are;
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The equation for the density gradient was derived from dP/dr, or the equation of hydrostatic
equilibrium. The mass differential is a modified version of the conservation of mass and describes how
mass interior to a given radius must increase with increasing distance from the origin. The luminosity
generated internal to a given value of r is given by dL/dr. This equation is essentially the conservation of
energy, where dL is the differential energy contribution of an infinitesimally thin spherical shell. The last
of the four basic equations of stellar structure is that of the temperature gradient for radiative transport. In
theinitial model of the sun, the contributions of convection were neglected (this assumption is proved valid
later), so the temperature gradient due to convective transport was not included in the derivative matrix
used to model the sun. Note that with an increase in luminosity, density, or opacity, the temperature
gradient must become more severein order to transport all of the energy to the surface of astar. Itisduring
these times of increased opacity and energy generation that convection becomes vital. The derivative must
include a piece of code to incorporate the switch between radiative and convective transport; thisis shown
later in the model of the blue giant star, where conditions favor convection.

Note that each of the equations has at |east one dependent variable that is contained in another one
of the equations. In the same sense, the four differential equations are coupled and must be solved as a
group. Though many more equations go into an elegant, research-level stellar model, one can construct an
illuminating model with only these equations. The input of information about the physical properties of the
star, and boundary conditions make this derivative matrix numerically solvable by Mathcad. The
constitutive relations concerning opacity and energy generation were used with the approximation of
constant composition and complete ionization throughout the star. The approximation of constant
composition, aswill be seen later in this study, was the worst assumption made. Varying composition has a
direct effect on pressure, opacity, and energy generation. Boundary conditions were implemented through
the “initial condition matrix” used by Mathcad. Inherent in the values used for this matrix are the
assumptions that: 1) at the core, M=0 and L=0, 2) at the edge of the star, T, P, and density all fall off to zero
in the interstellar medium. More sophisticated boundary conditions would result in a better model, but at
thislevel these assumptionsresult in avery illuminating study.

A brief explanation of the Rkadapt function used by Mathcad is also necessary before delving in to
the functional aspects of this project. This function, hardwired into the Mathcad software, allows the input
of a derivative matrix, and the output of iterated solution values for the dependent variables. The user is
responsible for the input of initial conditions for the dependent variables, and the input of boundary
conditions for the independent variable. One of the unique features of Rkadapt is that has the ability to
vary the spatial resolution of its numerical approximations if the function is one that changes abruptly over
short time scales. For this project, the four differential equations are listed above, and the initial condition
matrix is actually one of internal boundary conditions. For instance, at the edge of a star, we assume that
density and temperature are at a minimum, but where R=0, density and temperature are at a maximum. So
when modeling a hypothetical star, changing the boundary conditions until a reasonable model formed was
necessary. As an example, one aspect of the Vogt-Russel Theorem showsthat theinitial condition of astar
(including composition) has agreat deal of influence onit over an entire lifetime.
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|. Solar M odel

A. Reaultsfrom the Runge-Kutta Analysis:

All equations were laid out as mentioned above, ad include given condants. In
teems of hard results receved from the numericd andyds, the mogt profitable andyss
sometimes comes directly from graphic interpretation.  In this spirit, graphs were made
illudrating dengity, mass, luminosity, temperature, opacity, and energy generation.

Solar Density

_ 111, 150 | | | |
X
5
5 | 100 -
o i
= 50 -
c
[
0 009,
0 | | |
0 0.2 0.4 0.6 0.8 1
O, R. A

R sun
Radius [solar radii]

The density change with respect to radius, dr /dr, is governed by a combination of terms derived
from dP/dr. In modeling of different size stars, this curve sometimes exhibits a "hump" where r increases
above the initial values. An effort was made to classify the shape of this curve and its physical
significance. In part, this was done to try to understand where this density increase comes from in larger
stars. From the description of radiation pressure:

dr -1y dP 3) dT
dr dr dr

where terms for radiation pressure and gas pressure are included in p(r). In general, we see that the density
gradient is determined by the interaction of dp/dr and dt/dr. Getting rid of the cumbersome constants, and
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using proportionality, the above equation becomes:

where the constants c1 and c2 are dependent on the variables shown. So, after this brief analysis, one can
see that dr /dr will be positive for regions of the stellar envelope where the temperature is high enough (i.e.
just outside the core of a large star). In some stellar models, the density increase just outside the core is
very pronounced; in many of these cases, convection and opacity (radiation pressure) play asignificant role
in supporting r asRincreases. Due to our poor rendition of opacity, though, the density does not drop of f
as quickly as expected (see Carroll fig 11.7).

Below is the graph representing mass distribution in the Sun. It shows strong correspondence to
the fact that nearly all of the Sun's mass is contained within the first half of the radius. Note on the plot
where M(Rsun/2)~ 85% of the total mass; if our opacity model were more accurate, one would likely see
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closer to 90% of the total mass contained within half of the radius. Starting at about 20% of the radius, the
density of the solar interior beginsto drop more quickly, but the volume of a given mass shell isstill
increasing rapidly. Note briefly that ... dM=r dV ... It isfor this reason we see the fast increase in mass; as
the volume in a given shell begins to change more slowly with respect to adjacent mass shells (dr /dr ~
constant < 0), the mass curve beginsto level off.

It appears that the numerical approximation of luminosity and temperature are consistent with theory.
According to An Introduction to Modern Astrophysics, it is shown that nearly all of the luminosity of the
sun is generated by the pp chain within the first 0.1Rsun. This is shown clearly by the nearly vertical
increase in luminosity. Outside ~25% of the radius, there is no more energy generated. Thisisin accord
with the analysis of interior mass above, where the energy generated in a thin spherical shell should be
highest in high mass shells (interior regions of high density).

B. Energy Generation and Opacity in the Sun:

As the Sun has progressed along the main sequence, core hydrogen has been depleted.
"According to one evolutionary sequence leading to a present-day standard model, during its lifetime, the
mass fraction of hydrogen (X) in the Sun's center has decreased from itsinitial value of 0.71 to 0.34 while
the central mass fraction of helium (Y) has increased accordingly, from 0.27 to 0.64 (Guzik, via Carroll
382). Because of this, the solar chemistry is much more complex than it has been made for this calculation
(see “Solar Chemistry”). Due to this variability in composition, the peak in energy generation is not at R=0
as is approximated by this model (figure below), but the most energy generation actually occurs around
0.1-0.15* Rsun (Carroll 386).

Regarding the plot of energy generation, it is shown below that nearly all of the energy generated

per unit mass originates in the core and virtually the entire core is burning hydrogen via the proton-proton
chain due to relatively low temperature. Of course, this makes sense because |low-mass stars, with lower
core temperatures, are dominated by the pp chains during their main sequence lifetimes. Stars with higher
core temperatures (or metal content) should generate more radiation viathe cno cycle.
The opacity in the solar interior is also shown below. Different mechanisms of opacity are "active" in
different regions of any stellar interior due to the local environment. In this model, bound-bound
transitions have been neglected due to the assumption of total ionization. Without any bound electrons,
there can be no bb opacity. From this assumption, we can hypothesize that b-f transitions will have
minimum impact on the total opacity. All curves arerelative to the total initial opacity in the core, where
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the top solid curve is the total opacity (viafree-free, bound-free, and electron-scattering). One can see that
the free-free opacity dominates over the other two mechanisms until about half way through the sun, where
electron scattering provides most of the opacity.

One can note from the plot of opacity mechanisms that: 1) bound-free interactions are rare throughout the
radius of the sun. In fact, the peak opacity due to b-f is only about 10% of the total around 0.3 solar radii.
This is due to our approximation of total ionization in the atmosphere and the lack of bound atoms. 2)

Electron-scattering is independent of density and temperature. After about 0.5 solar radii, electron

scattering is the primary mechanism driving opacity, and continues throughout the rest of the sun at a
constant value of ~40% of theinitial opacity. Therelative increase in the contribution of e-s opacity hereis
due to the lower temperature and density, so kff isless effective. One of the overall weaknesses of this
model is the approximation of opacity. By using varying composition, as is more accurate (see Carroll fig.

11.3), the results from above could be improved.

C. Pressure Sourcesin the Sun:

In consideration of all the different mechanisms that effect the interior structure of the sun, it may
be helpful to perform an analysis of the different types of pressure individually. The effects of degeneracy
in the sun are assumed negligible; ideal gas pressure (thermal) and radiation pressure have been plotted
below. However radiation pressure should be negligible according to our previous investigation of opacity
in the sun. The pressure-opacity relation is an interesting one for several reasons. It shows, initially, that
opacity is roughly proportional to the pressure. This is seen as opacity continues to rise until the internal
pressure falls to around zero. The constant value for electron scattering (which would not be constant for
changing stellar composition) provides most of the amplitude, whereas pressure (i.e. temperature and
density) dictates the shape of the continuum opacity. Aslong as the assumption of constant composition
remains in place, | expect to see this type of structure in any stellar model. In this solar model, the
radiation pressure is effectively zero; the ideal gas pressure in the sun is more than 1000 times greater than
the radiation pressure for almost 50% of the radius. To clarify the role radiation pressure plays in the sun,
and to relate it more effectively to later models, a plot of radiation pressure over gas pressure is also shown.
In the plot above, the minor role that radiation pressure playsistruly evident.
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D. Accuracy Checks:

In order to check the accuracy of these graphs, several checks have been implemented to see gives
an approximate value for the integrated original differential egquations, and the resulting values can be
compared to the Nth value given by Rkadapt. Therefore, the Simpson method provides a check of the
numerical method used.

The rudimentary checks above say that our numerical values are correct to better than an order of
magnitude. “Very often we need to be able to integrate a function for which we have no analytic form, but
only evenly spaced samples. Simpson's method is a nice compromise between ease of implementation and

sun T eff ~ 5770

_3 _
= -220610 = a ——=0131 1 0059 a
L sun 5770

accuracy. The error is known to go as h4, so despite its simplicity, it is surprisingly good” (Mansfield, V.
1999). that the Runge-Kutta method provided the numbers we expect. First, we show a simple relative
error check to see that the nass, luminosity and temperature given numerically match up with accepted
values. The Simpson method shown below

M simp = My - lsimp = Ly 11 tsimp ~ Ty -8
= -1.079°10 — = 3.812°10 — = -3.432'10
IVIN I-N TN
[I. Solar Chemistry

Implementation of a varying chemical composition led to a dramatically improved representation
of surface characteristics. The constant chemical composition solar model solution indicates that the final
luminosity is 4.342E33 erg/s, resulting in a Teeaive Of 5955 K. The final mass solution was shown to be
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2.077E33 g. These values are dl in conflict with the literature values (L=3.846E33 erg/s, Teff=5778 K,
M=1.989E30 g). The star with variable chemical composition gave a fina luminosity of 3.824E33 erg/s,
resulting in a Teregive Of 5769 K. The final mass was shown to be 1.989E33 g. These solutions are in
excellent agreement with the literature values.

The mass fractions of hydrogen and helium were extracted from a graph of the mass fractions of
the sun. It was assumed that the textbook correctly defined the mass fractions of hydrogen and helium. The
functions were introduced by picking points from the mass fraction vs. radius plot given by the book. The
points were graphed (for hydrogen and helium) and fit using Microcal Origin to generate two 9" order
polynomials. The equation for the mass fraction of metals was defined to be the mass fraction of hydrogen
and the mass fraction of helium both subtracted from unity. These mass fraction functions were introduced
as functions of radius and were not solved since the solution was known beforehand. The intercepts for the
polynomals were adjusted (effectively changing the initial mass fraction conditions to suit the surface
conditions) from the values given in the textbook. The starting values for the model were 0.31 for hydrogen
and 0.6335 for helium, and this left a starting value of 0.0565 for the metals. The textbook indicates that
starting values for mass fractions are 0.336 for hydrogen and 0.643 for helium. In this case, this model isin
close agreement with more sophisticated models.

The constant composition model utilizes a hydrogen mass fraction of approximately 0.7 and a
helium mass fraction of approximately 0.3. Clearly this assumption is inaccurate for the core since the
dominant energy source in the sun is the proton-proton chain, resulting in a depleted hydrogen
concentration. A constant chemical composition assumption may be good for a young star, but even then
the hydrogen would have been mildly depleted in the core.
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Shown above and below are curves describing the varying chemical composition.
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The effect of introduced variable composition was pronounced. One severe limitation of constant
composition was the starting density value. Without variable composition, starting densities greater than
approximately 111 g/cnt® resulted in a failure to converge to a solution. Introduction of depleted core
hydrogen concentrations allowed for the starting density to leap to approximately 165 g/cn®, which much
more accurately emulated realistic models. Thisis likely aresult of the effect of density and temperature on
the rate of nuclear energy generation, given by equation 6 for the proton-proton chain (the CNO cycle
equation has the same density dependence and is not shown here). The dependence of the energy
generation rate goes as the square of the hydrogen mass fraction, but only linearly with the density. A
strong depletion of the central hydrogen can then support higher starting densities of hydrogen.

The opacity function in the variable composition star peaks at a value of approximately 2.5 at 0.25
solar radii. The constant composition solar model has a peak opacity value of approximately 1.8 at a radius
of 0.25 solar radii. The variable composition star utilizes a smaller guillotine factor (66 instead of 100). The
guillotine factor describes the contribution of an atom to the opacity after ionization (Carroll and Ostlie, p
274). The lower value of 66 was used to make the solar model consistent with observed surface
characteristics by increasing an atom’s opacity after ionization. The fact that the opacity is greater in the
variable composition star is due to the addition of the opacity of the ionized atoms. The metal mass fraction
in the variable composition star reaches a maximum at approximately the same radius as the maximum
opacity, and this may contribute to the opacity maximum. The opacity graphs are presented below.
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The variable composition plays an important role in the energy generation rate. The constant composition
model suggests a distended core, with a gradually sloping energy generation rate. In the variable
composition star, the energy generation rate begins much higher than in the constant composition model
and drops off more quickly. The graphs are given below.
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This could be due to the higher starting temperature (1.475E7 vs. 1.71E7 K) of the variable
composition model. The energy generation rate is extremely temperature sensitive, and a higher starting
temperature can make a very large difference in the energy generation rate. It is unlikely that composition
can directly cause the energy generation rate excess in the variable composition star, but the indirect
temperature and density influence can explain the higher rate and steeper curve.

[Il. Massive, Convecting Star

Although convection led to negligible changes in the solar mode, it proved to ke
crucid to the trangport of energy in supermassve, hot dars. It is interesting to note here
that the Vogt-Russdl Theorem reads that the mass and compostion of a sar uniquely
determine its radius, luminogity, and internd dtructure, as wdl as its  subsequent
evolution.  With this in mind, a modd of a much larger sar was condructed for
comparative purposes. For our modd of the Sun, we assumed that the changing
temperature according to the radius was not dependent upon the process of convection.
This proved to be a safe assumption for the sun, however for a more massve gar, this is
not a vaid assumption. It was necessary to ater the modd, as it was discovered that a
more massve da relies on convection rather than radiative transfer to transport energy.
It was dso necessary to reconsder the compodtion of the star. A larger star would have
a mass fraction of hydrogen that was dgnificantly less than our Sun, so the Hydrogen
mass fraction was set to sixty-five percent.

A new marix was developed to account for the possbility of convection
occurring, with a program to determine when and if the mairix should rely on the
radiative transfer or convection.
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The only newly defined variables were the interior density (2.15), the interior temperature (3.75*10"), and
the radius of 10 R(sun). This more massive star was found to be almost completely convective. In other

words, radiative transport plays asmall rolein energy
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transport compared to adiabatic convection. Below are the results compared to the Sun...
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The density as compared to the density of the Sun shows the difference between our Sun and a

hotter, more massive star. While the Sun did not produce such an obvious ‘hump’, the more massive star
shows this aspect of stellar structure. Near the core, where the temperature and the pressure are sufficient,
dr /dr is positive, so the density just outside the core increases. When the temperature beginsto fall and the
interior mass beginsto rise, the dr /dr beginsto fall again.

The graph of the temperature is normalized to the Sun and shows how the temperature varies with
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radius. It isamost entirely dependent on convective transport. However it is not too exciting as we can see
the sun has avery similar drop off, only at alower temperature.

[uminosity
shows an odd flattening out after
— a short distance out of the core.
This is due to the fact that the

1 outer regions are not hot enough
for the CNO cycle to continue
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The graph of nuclear energy generation shows how the most fusion takes place in the core, as seen by the
fal-off of the graph so sharply. The solid line is the larger star, with the dashed line representing the sun.
Differences can be seen in the normalized energy generation graph with the massive star having much more
intense energy generation in the core than the Sun.

One cannot believe these graphs without some sort of error analysis. The same method of
Simpson’s Integration was applied to this model as was the solar model. The internal consistency was
found to be on the order of 1107

IV. Conclusions

The convective solar model shows that the sun has neither the temperature nor the metals mass
fraction needed to increase the opacity enough to make convection an efficient means of energy transport.
The exclusion of convection from the solar model was then a justified simplification to meet surface
observables. Accuracy without the implementation of a varying chemical composition was modest, but the
inclusion of even a basic composition model alowed for significant increases in accuracy. Mass,
luminosity, and temperature all converged to observed values to within fractions of a percent, and this was
accomplished with more reasonabl e starting conditions.

In the massive stellar model, it has been shown that the convective pathway of energy transport is
crucial. Thisisin part aresult of the hugely increased radiation pressure outside of the core, which pushes
material forcibly in a way that lower temperature stars cannot. The authors' expectations were met in this
since: convection was not presumed to be an important mechanism for energy transport in solar-type stars.

Although the opacity functions used in these models is primitive in comparison to research-grade
models, it was still adequate to demonstrate the importance of convection and the impacts a convective core
have on the outer layers (the mass, density, luminosity, and opacity functions). In addition, although the
chemical composition functions were extracted from a book that generated them through another model,
the effects of varying composition areimmediately noticeable in the energy generation rate of the core.

Improvements could be made in the use of a more sophisticated opacity function and a more
flexible tcnemical composition function. Regardless, in al three cases, these approximations have shown
themselvesto be highly instructive.
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